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ABSTRACT 
With deflagration-based combustion being shown to be 

inefficient compared to detonation-based combustion, rotating 
detonation engines (RDEs) are one example which use 
detonation-based combustion. RDEs, when powered, produce 
detonation waves that rotate around the annulus of the RDE 
(hence the name). These detonation waves rotate at a certain 
frequency and this paper will show how to find these 
frequencies with dynamic mode decomposition (DMD). DMD is 
a method to identify structures with space and time data from 
data that has been used in other fluid mechanics before. DMD 
takes two matrices of identical dimensions and finds a linear 
approximation between the two matrices by taking the singular 
value decomposition of one of the matrices into three more 
matrices (U, Σ, and V) with highly specific characteristics, 
truncating said matrices to save energy, and finding the linear 
approximation from these new matrices. The frequency analysis 
can be done with the V matrix and there are two frequency 
analyses done, Fast Fourier Transform and Welch’s Method. 
This is all done through MATLAB with tiff images of the 
detonation waves taken from a high-speed camera.  
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NOMENCLATURE 
RDE Rotating Detonation Engine 
PDE Pulse Detonation Engine 
DMD Dynamic Mode Decomposition 
POD Proper Orthogonal Decomposition 
SVD Singular Value Decomposition 
PFV Photron Fastcam Viewer 
X  Matrix of Spacial and Temporal Data 
Xʹ Matrix with same dimensions as X, except 

shifted by one column 
m Number of columns in matrices that represent 

temporal data 
n Number of rows in matrices that represent 

spacial data 
A Linear Approximator of matrices X and Xʹ 
U Unitary and orthonormal matrix 
V Unitary and orthonormal matrix 

Σ Matrix with non-zero values on the diagonals 
and zeros off the diagonals 

σk kth element of the diagonals of the Σ matrix 
r ranked value that reduces matrix dimensions 

to save energy when doing DMD analysis 
 Ranked X matrix 

Ũ Ranked U matrix 
 Ranked V matrix 
 Ranked Σ matrix 

Λ Eigenvalues of A 
W Eigenvectors of Ã 
Φ DMD Modes 
FFT Fast Fourier Transform 
FT Fourier Transform 
DFT Discrete Fourier Transform 
 
  

 
1. INTRODUCTION 

Detonation-based combustion has become a popular source 
of power due to its rapid energy release [1] and its increase in 
efficiency [2] compared to deflagration-based combustion. 
Deflagration-based combustion has been the standard form of 
energy conversion for jet and liquid rocket propulsion [1] but 
the tradeoff, compared to detonation-based propulsion, is the 
cyclic nature of deflagration that uses a constant pressure 
approach (starting at the constant pressure line at point 2 at 
Figure 3) at the trade-off of consumption of energy whereas 
detonation forces a pressure gain increases work and system 
efficiencies [2]. Detonation is a shock wave sustained by 
energy from combustion characterized by the ignition (by a 
flame) of a combustible mixture at a closed end of a tube with 
an open opposite end [3]. RDEs use this ignition to have a 
continuous detonation and a higher impulse per unit area 
compared to PDEs which detonate once every pulse with a 
lower impulse per unit area [1]. Figure 1 shows a simplified 
schematic of an RDE with the reactants being injected into the 
combustor (Figure 2 [1]).  
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Figure 1: Schematic of conceptual RDE [1] 
 

 
Figure 2: Rotating wave structure sketch [1] 

 
Figure 3: Pressure-specific volume comparison of 

Idealized Thermodynamic Cycles [2] 
The RDE cycle is sustained through continuously mixed 

fuel and oxidizer flows [1], creating detonation waves that 
circle around the annulus (Figure 1). Mechanics that form these 
waves include turbulent flows, good mixing of fuels and 
oxidizers, and time delay between fuel initiation and ignition 
[1]. Characteristics of these detonation waves are frequency, 
speed, and wave number [2]. Measuring the characteristics of 
detonation waves required high-speed cameras that took high-
speed images and analyzed the characteristics frame by frame, 
calculating these characteristics through the following means: 
image correction, annulus location determination, cartesian 
mesh integration, and frequency domain analysis [4].  

 
DMD is a way to identify spatio-temporal coherent 

structures from high-dimensional data in fluid mechanics [6]. It 
utilizes POD and SVD [6]. The main difference between DMD 

that DMD uses both spacial and temporal data whereas POD 
and SVD only look at spatial data by providing a modal 
decomposition of modes consisting of spatially correlated 
structures with similar time related linear behavior [6]. One 
study has used DMD with rotating detonation waves of a 
rotating detonation combustor, looking at the wave frequency 
and wave modes [7]. Other applications of DMD regarding 
fluid mechanics include mixing, acoustics, and wake flows [6]. 
 
2. MATERIALS AND METHODS 
To analyze the detonation waves via any method, they had to 
be set in the form of tiff files that represented each frame. The 
detonation waves were recorded with a high-speed camera 
(specify which camera was used later) that recorded at 
sampling rates. To get the tiff files needed for the analysis, the 
frames of the video needed to be extracted via PFV.  

PFV is a computer software that controls the Photron high-
speed camera series. This allows users to look at frames from 
videos produced by these cameras. Properties that were used 
for this were the frame extraction and the frames per second. 
Figure 4 displays the PFV interface. The main objective was to 
collect the frequency through DMD via MATLAB. 

 

 
Figure 4: PFV Interface 

Figure 4 also shows an example of a tiff of detonation 
waves that would be analyzed for its frequency rate. 

2.1 An Overview of DMD 
The way the DMD works is that collected pairs of 
snapshots of a system’s state evolving in time are arranged 
into two data matrices X and Xʹ the assumption that there 
are equal time intervals between each snapshot [6]. 

 
Figure 5: Relation Between X and Xʹ Matrices [6] 
 

Figure 5 demonstrates the connection between the two 
matrices. Because of this connection, we can assume that 
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matrix Xʹ has the same element composition as the matrix 
X. The algorithm tries to form a matrix A using both X and 
Xʹ matrices to make the linear approximation Xʹ ≈ AX. 
The algorithm works by taking the X matrix and computes 
its SVD: X ≈ UΣV* in which U ∈ ℂn×n, Σ ∈ n×m, and V∈ 
ℂm×m. Matrices U and V are unitary and orthogonal while 
matrix Σ is a matrix with non-zero values on the diagonal 
with zeros off the diagonal. It is worth noting that these 
matrices have dominant patterns that can explain the data 
along with other values that have little value to the data. To 
eliminate the less relevant data, the three matrices are 
given rank-approximations, denoted as r. truncate the 
matrices U, Σ, and V to Ũ, , and , to which Ũ ∈ ℂn×r,  
∈ ℂr×r, and ∈ ℂm×r [6] (Figure 6). 

 
Figure 6: Full SVD and Truncated SVD of Matrix X [6] 

 
  

The criterion for the r value is usually determined by a 
percent variance in energy of the original data, often 
referred to as a percent truncation [6]. Equation/Definition 
9 shows the criterion used for this research by using the 
singular values found in the diagonals of the Σ matrix 
(denoted as σk) [6]. This equation takes the sum of σk 
values to any element and divides it by the total sum of σk 
to the length of m to find the r value that makes the top 
denominator greater than a specified percentage (in this 
research, 99.9% or .999 was used). With these three 
matrices, we can find Ã = Ũ* ʹ -1 which approximates 
the full matrix A (Equation/Definition 13) with r 
eigenvectors and eigenvalues and makes the linear 
approximation k+1=Ã k [6]. Next, to compute the spectral 
decomposition of Ã, one takes the DMD eigenvalues 
(denoted as Λ [which correspond to the eigenvalues of A]) 
to find the eigenvectors of Ã (denoted as W) with the 
equation ÃW = WΛ [6]. Finally, the DMD modes 

(denoted as Φ) are calculated with the matrices Xʹ, , , 
and W in the equation Φ = Xʹ -1W [6].  

 
 

 
TABLE 1: Equations/Definitions 

Equation/ 
Definition # 

Equation/ 
Definition Name 

Equation/Definition 

1 Elements of X 
Matrix 

 

2 Elements of Xʹ 
Matrix 

 

3 Linear Relation 
between X and 
Xʹ Matrices 

 

4 SVD of X  
5 Elements of U 

Matrix 
 

6 Elements of Σ 
Matrix 

 

7 Elements of V 
Matrix 

 

8 Ranked X 
Decomposition 
denoted as  

 
(ranked SVD) 

 

9 Criterion to find r 

 
10 Elements of Ũ 

Matrix 
 

11 Elements of 
Matrix 

 

12 Elements of  
Matrix 

 

13 Matrix A  
14 Ranked Matrix A 

(denoted as Ã) 
 

15 Spectral 
Decomposition 
of Ã 

 

16 DMD Modes  
 

2.2 DMD Code 
The DMD Code consisted of image processing code 

[8] as well premade code to apply DMD via MATLAB: the 
DMD algorithm [6], cumulative energy criterion [6], 
frequency analysis [9], and DMD Mode analysis [10]. 
Recalling equation 1 and 2 and that DMD takes account of 
both spacial and temporal data, assume that m columns 
capture the temporal data and that n rows represents the 
spacial data. The image processing involves uploading the 
tiff files from the high-speed camera recordings of the 
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Ṽ
<latexit sha1_base64="YKzyxefGWD+fN+BM1l4e0/pCKVk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaIgMVUJIGCsxMJYBH1ITVQ5jtNatZ3IdpCqKAu/wsIAQqx8Bht/g9NmgJYjXenonHt17z1BwqjSjvNtVZaWV1bXquu1jc2t7R17d6+j4lRi0sYxi2UvQIowKkhbU81IL5EE8YCRbjC+KfzuI5GKxuJBTxLiczQUNKIYaSMN7AOPIz0KoszTlIUk8+7pkKM8H9h1p+FMAReJW5I6KNEa2F9eGOOUE6ExQ0r1XSfRfoakppiRvOaliiQIj9GQ9A0ViBPlZ9MHcnhilBBGsTQlNJyqvycyxJWa8MB0Fueqea8Q//P6qY6u/YyKJNVE4NmiKGVQx7BIA4ZUEqzZxBCEJTW3QjxCEmFtMquZENz5lxdJ56zhXjbO7y7qzeMyjio4BEfgFLjgCjTBLWiBNsAgB8/gFbxZT9aL9W59zForVjmzD/7A+vwBk1KW9A==</latexit>

⌃̃
<latexit sha1_base64="o+uKcJP6usBJ8M400X0+E6qGWO8=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSq4KomKuiy4cVnBPqAJZTKdtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+YECWdKO863tbK6tr6xWdmqbu/s7u3bB7WOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPJbeF3H6lULBYPeppQP8IjwUJGsDbSwK55EdbjIMw8zfiQZp08H9h1p+HMgJaJW5I6lGgN7C9vGJM0okITjpXqu06i/QxLzQinedVLFU0wmeAR7RsqcESVn82y5+jUKEMUxtI8odFM/b2R4UipaRSYySKpWvQK8T+vn+rwxs+YSFJNBZkfClOOdIyKItCQSUo0nxqCiWQmKyJjLDHRpq6qKcFd/PIy6Zw33KvGxf1lvXlS1lGBIziGM3DhGppwBy1oA4EneIZXeLNy68V6tz7moytWuXMIf2B9/gC2d5TL</latexit>

Ṽ
<latexit sha1_base64="YKzyxefGWD+fN+BM1l4e0/pCKVk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaIgMVUJIGCsxMJYBH1ITVQ5jtNatZ3IdpCqKAu/wsIAQqx8Bht/g9NmgJYjXenonHt17z1BwqjSjvNtVZaWV1bXquu1jc2t7R17d6+j4lRi0sYxi2UvQIowKkhbU81IL5EE8YCRbjC+KfzuI5GKxuJBTxLiczQUNKIYaSMN7AOPIz0KoszTlIUk8+7pkKM8H9h1p+FMAReJW5I6KNEa2F9eGOOUE6ExQ0r1XSfRfoakppiRvOaliiQIj9GQ9A0ViBPlZ9MHcnhilBBGsTQlNJyqvycyxJWa8MB0Fueqea8Q//P6qY6u/YyKJNVE4NmiKGVQx7BIA4ZUEqzZxBCEJTW3QjxCEmFtMquZENz5lxdJ56zhXjbO7y7qzeMyjio4BEfgFLjgCjTBLWiBNsAgB8/gFbxZT9aL9W59zForVjmzD/7A+vwBk1KW9A==</latexit>

⌃̃

<latexit sha1_base64="WY+ONPGA829wr317vEM9Og5pbjE=">AAACDHicbVC7TsMwFL3hWcqrwMhiUZCYqgQQMFbqwlgk+pCaUDmu01p1nMh2kKooH8DCr7AwgBArH8DG3+C0GaDlSJaOz7lX997jx5wpbdvf1tLyyuraemmjvLm1vbNb2dtvqyiRhLZIxCPZ9bGinAna0kxz2o0lxaHPaccfN3K/80ClYpG405OYeiEeChYwgrWR+pWqG2I98oO0m7lMzD5+2sjuU+FqFlKFwsxU2TV7CrRInIJUoUCzX/lyBxFJQio04VipnmPH2kux1IxwmpXdRNEYkzEe0p6hAps5Xjo9JkMnRhmgIJLmCY2m6u+OFIdKTULfVObbqnkvF//zeokOrr2UiTjRVJDZoCDhSEcoTwYNmKRE84khmEhmdkVkhCUm2uRXNiE48ycvkvZZzbmsnd9eVOvHRRwlOIQjOAUHrqAON9CEFhB4hGd4hTfryXqx3q2PWemSVfQcwB9Ynz/yCJwY</latexit>

X 2 Cn⇥m

<latexit sha1_base64="3LDP0RpVdHWXFUgxwjeGNFTngbY=">AAACE3icbVDLSsNAFJ34rPUVdelmsArioiQq6rLQjcsK9gFNWibTSTt0ZhJmJkIJ+Qc3/oobF4q4dePOv3HSZqGtBy4czrmXe+8JYkaVdpxva2l5ZXVtvbRR3tza3tm19/ZbKkokJk0csUh2AqQIo4I0NdWMdGJJEA8YaQfjeu63H4hUNBL3ehITn6OhoCHFSBupb595HOlREKadnhdLyknmUTHTgrSe9VLhaaMqyLO+XXGqzhRwkbgFqYACjb795Q0inHAiNGZIqa7rxNpPkdQUM5KVvUSRGOExGpKuoQKZPX46/SmDJ0YZwDCSpoSGU/X3RIq4UhMemM78WjXv5eJ/XjfR4Y2fUhEnmgg8WxQmDOoI5gHBAZUEazYxBGFJza0Qj5BEWJsYyyYEd/7lRdI6r7pX1Yu7y0rtuIijBA7BETgFLrgGNXALGqAJMHgEz+AVvFlP1ov1bn3MWpesYuYA/IH1+QOw6581</latexit>

X0 2 Cn⇥m

<latexit sha1_base64="+Gq5azT/1mYg/4GQgjABbpA2OBY=">AAACDnicbVBNS8NAEN3Ur1q/oh69LNaCp5KoqMeKF48VbBtoYtlsN+3STbLsbsQS8gu8+Fe8eFDEq2dv/hs3bQRtfTDweG+GmXk+Z1Qqy/oySguLS8sr5dXK2vrG5pa5vdOWcSIwaeGYxcLxkSSMRqSlqGLE4YKg0Gek448uc79zR4SkcXSjxpx4IRpENKAYKS31zJobIjX0g9S5dbmgIcmgizgX8T38cS6crGdWrbo1AZwndkGqoECzZ366/RgnIYkUZkjKrm1x5aVIKIoZySpuIglHeIQGpKtphEIivXTyTgZrWunDIBa6IgUn6u+JFIVSjkNfd+YnylkvF//zuokKzr2URjxRJMLTRUHCoIphng3sU0GwYmNNEBZU3wrxEAmElU6wokOwZ1+eJ+2jun1aP74+qTYOijjKYA/sg0NggzPQAFegCVoAgwfwBF7Aq/FoPBtvxvu0tWQUM7vgD4yPb+t2nJE=</latexit>

X0 ⇡ AX

<latexit sha1_base64="ED5S+mADnoetdxziS91/Ez72GPc=">AAACEHicbVBNS8NAEN3Ur1q/oh69LFZRPJRERT0WvHisaNpCE8tmu2mXbpJldyOWkJ/gxb/ixYMiXj1689+4aSNo9cHA470ZZub5nFGpLOvTKM3Mzs0vlBcrS8srq2vm+kZTxonAxMExi0XbR5IwGhFHUcVImwuCQp+Rlj88z/3WLRGSxtG1GnHihagf0YBipLTUNffcEKmBH6TtDLqIcxHfwW/Jca9oP0SweXOQdc2qVbPGgH+JXZAqKNDomh9uL8ZJSCKFGZKyY1tceSkSimJGsoqbSMIRHqI+6WgaoZBILx0/lMFdrfRgEAtdkYJj9edEikIpR6GvO/Nb5bSXi/95nUQFZ15KI54oEuHJoiBhUMUwTwf2qCBYsZEmCAuqb4V4gATCSmdY0SHY0y//Jc3Dmn1SO7o8rtZ3ijjKYAtsg31gg1NQBxegARyAwT14BM/gxXgwnoxX423SWjKKmU3wC8b7F5dHnNU=</latexit>

X ⇡ U⌃V⇤
<latexit sha1_base64="MHVsbCjgmPOrgVviOZVqk6PiBu4=">AAACDnicbVC7TsMwFHXKq5RXgJHFolRiqhJAwFipC2OR6ENqSuW4TmvVcSL7BqmK8gUs/AoLAwixMrPxN7htBmg5kqXjc+7Vvff4seAaHOfbKqysrq1vFDdLW9s7u3v2/kFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj+uT/32A1OaR/IOJjHrhWQoecApASP17YoXEhj5QdrMsMclnn/9tJ7dp9IDHjKNZda3y07VmQEvEzcnZZSj0be/vEFEk5BJoIJo3XWdGHopUcCpYFnJSzSLCR2TIesaKomZ00tn52S4YpQBDiJlngQ8U393pCTUehL6pnK6rV70puJ/XjeB4LqXchknwCSdDwoSgSHC02zwgCtGQUwMIVRxsyumI6IIBZNgyYTgLp68TFpnVfeyen57Ua6d5HEU0RE6RqfIRVeohm5QAzURRY/oGb2iN+vJerHerY95acHKew7RH1ifP6m7nGo=</latexit>

U 2 Cn⇥n

<latexit sha1_base64="mGhnbANDygE/GaYvQfdlQ4MrpSw=">AAACFHicbVC7TsMwFHV4lvIKMLJYFCQkpCoBBIyVWBjLow+pCZXjOq1V24lsB6mK8hEs/AoLAwixMrDxNzhtBmg5kqXjc+7VvfcEMaNKO863NTe/sLi0XFopr66tb2zaW9tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILhZe63HohUNBJ3ehQTn6O+oCHFSBupax95HOlBEKbeLe1zlEGPCjjRgvQmu0/NT1NOFORZ1644VWcMOEvcglRAgXrX/vJ6EU44ERozpFTHdWLtp0hqihnJyl6iSIzwEPVJx1CBzBw/HR+VwQOj9GAYSfOEhmP1d0eKuFIjHpjKfF017eXif14n0eGFn1IRJ5oIPBkUJgzqCOYJwR6VBGs2MgRhSc2uEA+QRFibHMsmBHf65FnSPK66Z9WT69NKbb+IowR2wR44BC44BzVwBeqgATB4BM/gFbxZT9aL9W59TErnrKJnB/yB9fkDJ1yezA==</latexit>

⌃ 2 Rn⇥m

<latexit sha1_base64="udLzZInpfq9zKYZA2qtILMVKucM=">AAACD3icbVC7TsMwFHXKq5RXgJHFooCYqgQQMFbqwlgk+pCaUDmu01q1nch2kKoof8DCr7AwgBArKxt/g9NmgJYjWTo+517de08QM6q043xbpaXlldW18nplY3Nre8fe3WurKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4wbud95IFLRSNzpSUx8joaChhQjbaS+feJxpEdBmLYz6FEBZ98gbWT3KYeeppwoyLO+XXVqzhRwkbgFqYICzb795Q0inHAiNGZIqZ7rxNpPkdQUM5JVvESRGOExGpKeoQKZOX46vSeDx0YZwDCS5gkNp+rvjhRxpSY8MJX5umrey8X/vF6iw2s/pSJONBF4NihMGNQRzMOBAyoJ1mxiCMKSml0hHiGJsDYRVkwI7vzJi6R9VnMva+e3F9X6URFHGRyAQ3AKXHAF6uAGNEELYPAInsEreLOerBfr3fqYlZasomcf/IH1+QMKHZyT</latexit>

V 2 Cm⇥m

<latexit sha1_base64="IoIVbHso5DZfhdtJ5mOgVL6XBD0=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSq4KomKuiy4cVnBPqAJZTKZtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+b4CWdK2/a3tbK6tr6xWdmqbu/s7u3XDupdFaeS0A6JeSz7PlaUM0E7mmlO+4mkOPI57fmT28LvPVKpWCwe9DShXoRHgoWMYG2kYa3uRliP/TBzNeMBzfp5Pqw17KY9A1omTkkaUKI9rH25QUzSiApNOFZq4NiJ9jIsNSOc5lU3VTTBZIJHdGCowBFVXjbLnqNTowQojKV5QqOZ+nsjw5FS08g3k0VStegV4n/eINXhjZcxkaSaCjI/FKYc6RgVRaCASUo0nxqCiWQmKyJjLDHRpq6qKcFZ/PIy6Z43navmxf1lo3VS1lGBIziGM3DgGlpwB23oAIEneIZXeLNy68V6tz7moytWuXMIf2B9/gC5g5TN</latexit>

X̃

<latexit sha1_base64="ED5S+mADnoetdxziS91/Ez72GPc=">AAACEHicbVBNS8NAEN3Ur1q/oh69LFZRPJRERT0WvHisaNpCE8tmu2mXbpJldyOWkJ/gxb/ixYMiXj1689+4aSNo9cHA470ZZub5nFGpLOvTKM3Mzs0vlBcrS8srq2vm+kZTxonAxMExi0XbR5IwGhFHUcVImwuCQp+Rlj88z/3WLRGSxtG1GnHihagf0YBipLTUNffcEKmBH6TtDLqIcxHfwW/Jca9oP0SweXOQdc2qVbPGgH+JXZAqKNDomh9uL8ZJSCKFGZKyY1tceSkSimJGsoqbSMIRHqI+6WgaoZBILx0/lMFdrfRgEAtdkYJj9edEikIpR6GvO/Nb5bSXi/95nUQFZ15KI54oEuHJoiBhUMUwTwf2qCBYsZEmCAuqb4V4gATCSmdY0SHY0y//Jc3Dmn1SO7o8rtZ3ijjKYAtsg31gg1NQBxegARyAwT14BM/gxXgwnoxX423SWjKKmU3wC8b7F5dHnNU=</latexit>

X ⇡ U⌃V⇤

<latexit sha1_base64="Vfdfa9+UqbNM3+xz9b/YnvVSWw4=">AAACL3icbVBPS8MwHE39O+e/qkcvwSmIh9GqqMeBIB4n2m2w1pFm6RaWtCVJxVH6jbz4VXYRUcSr38J0q6CbDwIv7/1+JO/5MaNSWdarMTe/sLi0XFopr66tb2yaW9sNGSUCEwdHLBItH0nCaEgcRRUjrVgQxH1Gmv7gMvebD0RIGoV3ahgTj6NeSAOKkdJSx7xyOVJ9P0hdRVmXpK0sgy6KYxE9winLyQri3tIeRz+3RnZ/lHXMilW1xoCzxC5IBRSod8yR241wwkmoMENStm0rVl6KhKKYkazsJpLECA9Qj7Q1DREn0kvHeTN4oJUuDCKhT6jgWP29kSIu5ZD7ejKPIKe9XPzPaycquPBSGsaJIiGePBQkDKoI5uXBLhUEKzbUBGFB9V8h7iOBsNIVl3UJ9nTkWdI4rtpn1ZOb00ptv6ijBHbBHjgENjgHNXAN6sABGDyBEXgD78az8WJ8GJ+T0Tmj2NkBf2B8fQM4lKuD</latexit>

X̃ ⇡ Ũ⌃̃Ṽ⇤

<latexit sha1_base64="f/jPne27MAFn16Rt/LzIfe5eyqc=">AAACLnicbVDLSsNAFJ3UV62vqks3g1VwFRIVtQuhIILLCvYBTQyT6aQdMpOEmYlQQr7Ijb+iC0FF3PoZTh+gbT1w4XDOvdx7j58wKpVlvRmFhcWl5ZXiamltfWNzq7y905RxKjBp4JjFou0jSRiNSENRxUg7EQRxn5GWH14N/dYDEZLG0Z0aJMTlqBfRgGKktOSVrx0/yMxqtQqdHoFOIBDOHJlyLwvhJbTzewEdSXsceWE+bfBfI/fKFcu0RoDzxJ6QCpig7pVfnG6MU04ihRmSsmNbiXIzJBTFjOQlJ5UkQThEPdLRNEKcSDcbvZvDQ610YRALXZGCI/XvRIa4lAPu606OVF/OekPxP6+TquDCzWiUpIpEeLwoSBlUMRxmB7tUEKzYQBOEBdW3QtxHOjKlEy7pEOzZl+dJ89i0z8yT29NK7WASRxHsgX1wBGxwDmrgBtRBA2DwCJ7BO/gwnoxX49P4GrcWjMnMLpiC8f0DVW+oFw==</latexit>

.999 �
Pr

k=1 �kPm
k=1 �k

<latexit sha1_base64="hluPdnvj1K5HkERSJ/zau+T+5Ig=">AAACF3icbVA9T8MwEHX4LOUrwMhiUZCYqgQQMFbqwlgk0lZqSuW4TmvVcSL7glRF+Rcs/BUWBhBihY1/g9N2gJYnWXp+705394JEcA2O820tLa+srq2XNsqbW9s7u/beflPHqaLMo7GIVTsgmgkumQccBGsnipEoEKwVjOqF33pgSvNY3sE4Yd2IDCQPOSVgpJ5d9SMCwyDMfOCizzIvz7HPJZ7KQVbP7zPzAx4xjVXesytO1ZkALxJ3RipohkbP/vL7MU0jJoEKonXHdRLoZkQBp4LlZT/VLCF0RAasY6gkZk43m9yV4xOj9HEYK/Mk4In6uyMjkdbjKDCVxbp63ivE/7xOCuF1N+MySYFJOh0UpgJDjIuQcJ8rRkGMDSFUcbMrpkOiCAUTZdmE4M6fvEiaZ1X3snp+e1GpHc/iKKFDdIROkYuuUA3doAbyEEWP6Bm9ojfryXqx3q2PaemSNes5QH9gff4A7rOgTg==</latexit>

Ũ 2 Cn⇥r

<latexit sha1_base64="YKzyxefGWD+fN+BM1l4e0/pCKVk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaIgMVUJIGCsxMJYBH1ITVQ5jtNatZ3IdpCqKAu/wsIAQqx8Bht/g9NmgJYjXenonHt17z1BwqjSjvNtVZaWV1bXquu1jc2t7R17d6+j4lRi0sYxi2UvQIowKkhbU81IL5EE8YCRbjC+KfzuI5GKxuJBTxLiczQUNKIYaSMN7AOPIz0KoszTlIUk8+7pkKM8H9h1p+FMAReJW5I6KNEa2F9eGOOUE6ExQ0r1XSfRfoakppiRvOaliiQIj9GQ9A0ViBPlZ9MHcnhilBBGsTQlNJyqvycyxJWa8MB0Fueqea8Q//P6qY6u/YyKJNVE4NmiKGVQx7BIA4ZUEqzZxBCEJTW3QjxCEmFtMquZENz5lxdJ56zhXjbO7y7qzeMyjio4BEfgFLjgCjTBLWiBNsAgB8/gFbxZT9aL9W59zForVjmzD/7A+vwBk1KW9A==</latexit>

⌃̃
<latexit sha1_base64="7l3CndEwbpPGU4jXU/7b2p7l1QM=">AAACHHicbVDLSsNAFJ34rPUVdelmsAquSmJFXRa6cVnRPqCJZTKZtENnJmFmIpSQD3Hjr7hxoYgbF4J/46TtQlsPXDiccy/33hMkjCrtON/W0vLK6tp6aaO8ubW9s2vv7bdVnEpMWjhmsewGSBFGBWlpqhnpJpIgHjDSCUaNwu88EKloLO70OCE+RwNBI4qRNlLfrnkc6WEQZZ6mLCSZd0sHHOU59KiAUy/IGvl9JqHp4ERBmfftilN1JoCLxJ2RCpih2bc/vTDGKSdCY4aU6rlOov0MSU0xI3nZSxVJEB6hAekZKpDZ42eT53J4YpQQRrE0JTScqL8nMsSVGvPAdBbnqnmvEP/zeqmOrvyMiiTVRODpoihlUMewSAqGVBKs2dgQhCU1t0I8RBJhbfIsmxDc+ZcXSfus6l5UazfnlfrxLI4SOARH4BS44BLUwTVoghbA4BE8g1fwZj1ZL9a79TFtXbJmMwfgD6yvHwuTonw=</latexit>

⌃̃ 2 Cr⇥r

<latexit sha1_base64="o+uKcJP6usBJ8M400X0+E6qGWO8=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSq4KomKuiy4cVnBPqAJZTKdtEMnkzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+YECWdKO863tbK6tr6xWdmqbu/s7u3bB7WOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPJbeF3H6lULBYPeppQP8IjwUJGsDbSwK55EdbjIMw8zfiQZp08H9h1p+HMgJaJW5I6lGgN7C9vGJM0okITjpXqu06i/QxLzQinedVLFU0wmeAR7RsqcESVn82y5+jUKEMUxtI8odFM/b2R4UipaRSYySKpWvQK8T+vn+rwxs+YSFJNBZkfClOOdIyKItCQSUo0nxqCiWQmKyJjLDHRpq6qKcFd/PIy6Zw33KvGxf1lvXlS1lGBIziGM3DhGppwBy1oA4EneIZXeLNy68V6tz7moytWuXMIf2B9/gC2d5TL</latexit>

Ṽ
<latexit sha1_base64="BdFq2DKM6bwxVSKCmdUKVjpscbc=">AAACF3icbVDLSsNAFJ34rPUVdelmsAquQqKiLgvduKxgH9DEMplM2qGTSZiZCGXIX7jxV9y4UMSt7vwbJ20X2nrgwuGce7n3njBjVCrX/baWlldW19YrG9XNre2dXXtvvy3TXGDSwilLRTdEkjDKSUtRxUg3EwQlISOdcNQo/c4DEZKm/E6NMxIkaMBpTDFSRurbjp8gNQxj7SvKIqLbRQF9yuFUDnWjuNcJNGZCJBRF3665jjsBXCTejNTADM2+/eVHKc4TwhVmSMqe52Yq0Egoihkpqn4uSYbwCA1Iz1COzJ5AT/4q4IlRIhinwhRXcKL+ntAokXKchKazPFfOe6X4n9fLVXwdaMqzXBGOp4vinEGVwjIkGFFBsGJjQxAW1NwK8RAJhJWJsmpC8OZfXiTtM8e7dM5vL2r141kcFXAIjsAp8MAVqIMb0AQtgMEjeAav4M16sl6sd+tj2rpkzWYOwB9Ynz/ux6BO</latexit>

Ṽ 2 Cm⇥r

<latexit sha1_base64="IGIiArkpgqfuOS4MRvmWOgDu7V8="></latexit>

A = X0Ṽ⌃̃
�1

Ũ⇤
<latexit sha1_base64="u4wEvN3h5CxcoEA1JLAs9LjSRoI="></latexit>

Ã = Ũ⇤X0Ṽ⌃̃
�1
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detonation waves onto MATLAB and gathering all the 
images (which are now matrices) and rearranging them 
from the image, which is of a rows and b columns to giant 
columns of size a times b and putting each of these 
columns next to each other for all the images. This satisfies 
creating the matrix needed for DMD.  

The first thing to start the DMD algorithm is to create 
the X and Xʹ matrices from the matrix created earlier from 
the tiff image files (denote this matrix as T). The way to 
utitilze it via MATLAB with this created matrix is to 
declare the X matrix as all the columns of matrix T from 
the first column to one column to the end and to declare the 
Xʹ matrix as the columns of matrix T from the second 
column to the end column. From there, one starts by 
calling the SVD function to extract the matrices U, Σ, and 
Vʹ from X (Equation/Definition 4). The cumulative energy 
criterion to find r is implented directly after this SVD 
function call since the MATLAB code needs the matrix Σ 
for it to work (Figure 7).  

 

 
Figure 7: Example Cumulative Energy Code with S as Σ [6] 

 
Next, the matrices U, Σ, and Vʹ have to be truncated 

so that they have the elements of Ũ, , and  
(respectively), each with the elements in 
Equations/Definitions 9, 10, and 11, respectively. From 
there, using those ranked matrices, Ã can be found based 
on Equation/Definition 13, the spectral decomposition of A 
can be found through Equation/Definition 14, and the 
DMD modes can be found through Equation/Definition 15. 
Figure 8 shows an example of the MATLAB code to 
implement these equations.  

 

 
Figure 8: Finding Matrix Ã, its Spectral 

Decomposition, and DMD Modes Using MATLAB Code [6] 
 

In Figure 7, Atilde, Ur’, Xprime, Vr, Sigmar, W, 
Lambda, and Phi each represent Ã, Ũʹ, Xʹ, , , W, Λ, 
and Φ, respectively from Equations/Definitions 12, 14 and 
15 [6].  

 
The frequency analysis takes the DMD and finds the 

frequency domain through FFT and the pwelch function 
[9]. FFT in MATLAB requires the use of the fft function 
[11].  

 
To understand FFT, one should look at DFT. DFT is, 

as the name implies, the discrete version of FT (which is 
continuous). Fast Fourier Transform is an algorithm that 

finds the DFT of a signal. The criteria to evaluate whether 
to use FT or DFT is based on whether the data is  

 
This function creates the FFT of the signal, which can 

then be used to find the two-sided amplitude spectrum 
which can be used to find the one-sided amplitude 
spectrum (Figure 9). 

 
Figure 9: Example Code for Fast Fourier Transform 

Analysis [11] 
 
 

In Figure 8, X, Y, P2, L, P1, Fs, and f represent the signal as a 
function, the Fourier transform of the signal, the two-sided 
amplitude spectrum, the one-sided amplitude spectrum, the 
sample rate, and the frequency domain [11]. Plotting f and P1 
gives the single-side amplitude graph. Note that this method 
will take the FFT of the entire signal window. 
 
The pwelch function in MATLAB utilizes Welch’s method of 
power spectral density estimation. Recall that the previous 
method takes the FFT of the entire signal window. Welch’s 
method, instead, takes multiple FFT’s of segments of the time 
domain of the signal with overlaps within different segments 
throughout the entire signal. Figure 10 gives a visual of 
Welch’s method. 

 
Figure 10: Welch’s Method with Overlapped FFT Segments 

[13] 
 
In Figure 10, the FFT is taken in two small segments of the 
time domain (denoted in purple) with each FFT segment 
overlapping one another.  
 
This overlap is crucial because the average of the FFTs is 
taken, creating an estimate of the averages of the Frequency 
domain of the time domain of the signal. By taking the 
averages of the FFTs of multiple segments of the time domain 
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of the signal, the result is that the estimate smoothens the 
frequency domain. Figure 11 demonstrates the frequency 
domains taken by FFT (denoted as Full) vs Welch’s method 
(denoted as Welch’s) of the signal in Figure 9. Note that, in 
Figure 9, because Welch’s method takes the average FFTs of 
segments, the overall amplitudes will be much smaller than a 
full FFT of the entire signal. 

 
Figure 11: Frequency Domain using FFT and Welch’s 

Method [13] 
 

In MATLAB, the pwelch function that is relevant to this 
testing is of the following form in Figure 12.  
 

 
Figure 12: pwelch Function [13] 

In this function, pxx, f, x, window, noverlap, nfft, and fs 
represent the power spectral density vector, the frequency, the 
input signal vector, the window (with length of nfft), the 
number of overlapped samples, the number of points in DFT, 
and the sample rate in Hz respectively [13]. To reduce the noise 
further, we utilize the example of DFT averaging [13] with V 
from the SVD as the signal vector, the window as a hanning 
window of the number of points in DFT, the number of 
overlapped points as the number of points in DFT divided by 
two, the number of points in DFT as the number of tiff files 
divided by two, and the sampling rate in Hz as the frequency 
rate of the PFV Camera.  
 

The reason that both FFT and Welch’s method are used 
(shown later) is because the nozzle analysis has massive noise 
that make the frequency domains hard to interpret. If just FFT 
or Welch’s method is used, then, with the amount of noise in 
the frequency in the nozzles, the one analysis used does not 
have a similar analysis to compare. Furthermore, the pwelch 

method with DFT averaging reduces the variance of the noise 
of the frequency domain by using a hanning window [13] 

which attempts to get rid of the noise at the ends of the signal 
as, at those times, there is no DFT averaging [12]. 

Finally, the DMD Mode Analysis takes the diagonals of 
the Λ matrix and makes a graph that displays the DMD 
spectrum [10]. When put into a graph, the diagonals of the Λ 
matrix will be plotted around the unit circle [10]. While this is 
not necessarily relevant to the analysis of the RDE detonation 

waves nor the analysis of the nozzle, it can be an assurance that 
the code is working as it should be.  
 
2.3 Exhaust Analysis 

The exhaust analysis uses the methods mentioned before, 
but rather than just looking at the detonation waves, this 
analysis looks at tiff files from different views from the 
exhaust.  

 
Figure 13: First Exhaust View for DMD Analysis 

  

 
Figure 14: Second Exhaust View for DMD Analysis  

 
 
Furthermore, because this looks at the entire exhaust rather than 
looking at the just the detonation waves, looking at the entire 
image for the frequencies would create more noise. Therefore, 
the best solution to find the frequencies is to crop certain 
regions of interest that detonation waves are known to 
propagate. Figures 13 and 14 show different views of the 
exhaust displayed via MATLAB and the cropped images 
analyzed.  
3. RESULTS AND DISCUSSION 
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Figure 15: First Set of Detonation Wave Frequencies 

Extracted 
 
 

 
Figure 16: Second Set of Detonation Wave Frequencies 

Extracted 
 

With the first two set tiff files of direct detonation waves, 
extracting the frequencies is relatively straightforward since 
there was less “other content” in these tiff files since the main 
image that is seen in the figures within the figures labeled 
Original Tiff Picture Analyzed and DMD Modes are the 
detonation waves rotating around the annulus of the RDE.  
 

 
Figure 17: First Set of Detonation Wave Frequencies 

Extracted from the Exhaust View 

 
Figure 18: Second Set of Detonation Wave Frequencies 

Extracted from the Exhaust View 
 

Figures 17 and 18 look at the exhaust views from Figures 13 
and 14 respectively. As mentioned before, these tiff files had to 
be cropped to decrease the noise in the frequency domains. 
Furthermore, the frequency analysis is directly dependent on 
where the crop occurs because where the detonation waves can 
be detected is location specific. Figure 17’s crop location was 
fairly straightforward to find because, even though the 
detonation waves cannot be directly seen, the paths left by these 
waves are still visible. Figure 18 on the other hand had a 
trickier approach as there was no sign of the detonation wave. 
This made the exhaust view in Figure 14 much harder to extract 
and, in Figure 18’s graphs for frequency analysis (Fast Fourier 
Transform and pwelch with DFT Averaging), there are two 
main peaks at around 17 kHz and 20 kHz while Figure 17’s 
graphs for frequency analysis show a peak at around 16.5 kHz. 
Also, one can easily see that, compared to Figures 15 and 16, 
Figures 17 and 18 show frequency domains with more noise 
interference (most likely because of the view covering more 
area because of how the views differed from Figures 15 and 16. 
Finally, all of the frequency analyses except for the one done in 
Figure 18 have had peaks that corresponded relatively close to 
the actual operational frequencies of the RDEs that were 
operated on.  
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Plus, with the cropped part of Figure 14 used for 
Figure 18’s graph demonstration, this cropped image was 
specifically picked after multiple attempts to find a cropped 
image that would get a similar result. Furthermore, the two 
peaks were difficult to isolate into one peak and doing so would 
consume more time than is needed because the cropping for 
this exhaust view is highly specific. 

 
CONCLUSION/FURTHER WORK 

DMD has been demonstrated to find frequencies of 
detonation waves produced inside RDE’s and worked relatively 
well. It was only at the last exhaust view (Figures 14 and 18) 
that there were issues and that was in the case of having two 
peaks from the cropped view rather than just one peak.  

Moving forward, this DMD analysis of detonation waves 
would lead to attaching a nozzle to the back-end of the RDE 
and see if the frequency at the back-end reduces as a result of 
said nozzle. 
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